Detecting Physics Beyond the Standard Model
through b — s u* = transition

Diptimoy Ghosh
Department of Theoretical Physics
Tata Institute of Fundamental Research

XIX DAE-BRNS HEP Symposium, LNMIIT, Jaipur
December 16, 2010


diptimoy
Line

diptimoy
Line

diptimoy
Line

diptimoy
Line

diptimoy
Typewriter
XIX DAE-BRNS HEP Symposium, LNMIIT, Jaipur

diptimoy
Typewriter
December 16, 2010


Based on :

1) New-Physics Contributions to the Forward-Backward Asymmetry
in B— K*utu~ [JHEP 02 (2010) 053]
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[arXiv:1008.2367 [hep-ph]]
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Wolfenstein parameters:

| VUd|a | Vus|
A=0.8127000 A=0.22543+0.00077 5=0.144+0.025 7=0.342"0 Vel | Vs

B— T1v
Sides and angles: Amy, Amg
R,=0371°0% R =0.922"0%  &=(91.0£3.9)° B=(21.76"12)° y=(67.2+3.9)° ek
Bs system sin2
6

B.=(1.04172%% 0 BF(B,— u p)[107°]=3.073200% ~
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All measurements consistent with their predictions within +1o
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All measurements consistent with their predictions within +10 except
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All measurements consistent with their predictions within +10 except

A =3 CKM fit w/o BR(B— tv)
TCHEP 10 +— Measurements (WA)

2804¢————
— Severe constraints on MFV models
with a charged Higgs.

B Bhattacherjee, A Dighe, DG, S Raychaudhuri T oA B
arXiv:1012.1052
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All measurements consistent with their predictions within +10 except

i 3 CKM fitw/o BR(B— tv)
TCHEP 10 +— Measurements (WA)

280 ¢—————
— Severe constraints on MFV models
with a charged Higgs.

B Bhattacherjee, A Dighe, DG, S Raychaudhuri T oA B
arXiv:1012.1052
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The combined experimental constraints by CDF and D@ through Bs — J/v¢

_ Voo V2o

ATSM = (0.096 + 0.039) ps~! | BZ/¥?GM — Apg ( — 222 ) ~ 0.019 + 0.001
Vio Vo
th Vs

AT, € +(0.15479%%) ps
J/ve e (0.39151) U (118701
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F(bb — ptutX) —T(bb — u~p=X)
F(bb — ptptX) +T(bb — p=p=X)

>
w o
11
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F(bb — ptutX) —T(bb — u~p=X)

AP _ _
"7 F(bb — ptptX) + T(bb — p—p—X)

S

Ag = 0.00957 + 0.00251(stat) 4 0.00146(syst) D@ arXiv:1005.2757[hep-ex]|

AB(SM) = —2.3%2 ¢ x 10~*[Lenz, Nierste, JHEP 0706:072, 2007]

3.2 o deviation from SM central value.
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B 0 s 1 d2r 0 d2r
/ dcostqu cos _/_ldcosedqzdcosﬂ
Ar(q%) = 3
/ dcos——— / dcos@L
w dqzd 050 dqg?d cosf
(@=p+ +p-)

Slide 5 of 27 DAE Symposium, LNMIIT, Jaipur, December 16, 2010



Forward-Backward Asymmetry: B — K*utpu™

1 2 0 2
B i K dr dr
/ dcos&dq2d cos 6 [ldcosedq%cosﬁ
d’r
w /dcos@qud cos 6 / dcosgdq2dc050

*+ Data (a=rp+ +p-)

; Number of events observed is
- still rather small : 230 at Belle

LHCb collaboration
- predicts 7200 signal
+ events with a data set

of 2 £5), which
——~*h\\\\\ corresponds to one

nominal year of running.

1\ Standard Model expectatlon

PRI RN TS RN SR S | PR B
4 6 8 10 12 14 16 18 20
PhysRevLett.103.171801
P(Gevic) [PhysRevLe |
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puzzle

» The extracted value of the weak phase
v~ (35.3£7.1)° from the B — 7K data disagrees
with that of other independent measurements
v~ (66.873%)°

[Baek, Chiang, London 2009]
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puzzle

» The extracted value of the weak phase
v~ (35.3£7.1)° from the B — 7K data disagrees
with that of other independent measurements
v~ (66.873%)°

|Baek, Chiang, London 2009

Polarization fraction in

» Ratio of transverse and longitudinal polarizations of
final states is expected to be fr/f, < 1.
It is observed that fr/f ~ 1
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puzzle

» The extracted value of the weak phase
v~ (35.3£7.1)° from the B — 7K data disagrees
with that of other independent measurements
v~ (66.873%)°

[Baek, Chiang, London 2009]

Polarization fraction in

» Ratio of transverse and longitudinal polarizations of
final states is expected to be fr/f, < 1.
It is observed that fr/f ~ 1

:lAII discrepancies are in the b — s sector. |
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b — s ut p~ in the Standard Model : Free Quark picture = =
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b < b w/e/t .

e (AAAAVVAVAVAVER
b wW- "o . )
u/c/t u/c/t w
u/c/t) Yy
W+ M+ + Z/y 7 ) Z/y 7
CAGE . e .
v V; vtb{c;ff o (50,0, (ms P+ msPR)b] F*
el Pyb] [fiy,up]
+ G S (57 PLb
[S’m L b] [7y,v5 1]
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u/e/t u/e/t

W+ N Z/y

u/c/t s

4GF
\/_

Ceff

Vi Vi {c

Pub] [fiy,.p]

Ceff aem

[S'm PLb] [7iy, 5] }

» SM Wilson coefficients at ;1 = 4.8 GeV in
next-to-next-to-leading order(NNLO) accuracy :

et = 0304 , Gt =4211, Cf=—-4103
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4G «Q
Hé/é = £ Zem V{:— Vip X

T
{Rv (37, PLb] [y, 1] + Ra[ 37, Pb] [y vs i)

Ry 157 Prb] [73,01] + Rj (57, Prbl (sl |
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4GF Qem

Helt 5 ar ViV
{Rv (57, PLB] [7yum] + Ral57,, PLb] [y, v5 1]
Ry 157 Prb] [73,01] + Rj (57, Prbl (sl |
4GF Oem | 1«
Hyy = N Vi Vi X

{Rs [Pxb] [fin] + Re [5Prb] (st

RS [5Pub [in] + Rp [5PLb] [Avsil )
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VA
Heff

SP
Heff

T
Heﬂ

4'GF aem
V2 A

{Rv (574 Pb] [y, el + Ra[ 57, PLb] [y, s i)

V;; th X

Ry 157 Prb] [73,01] + Rj (57, Prbl (sl |
4GF Qem
V2 4m

{Rs [Pxb] [fin] + Re [5Prb] (st

RS [5Pub [l + R [5PLb] il }
4GF Qem
V2 4n

{Cr BBowb] (o™ ul + Cre 16 [50,0,b] [ioapn] }

V;; th X

V;; th X
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VA _
Heff -

SP _
Heff -

T _
Heﬂ -

4GF Qem
V2 4m
{Rv (574 Pb] [y, el + Ra[ 57, PLb] [y, s i)

V;; th X

Ry 157 Prb] [73,01] + Rj (57, Prbl (sl |
4GF Qem
V2 4m

{Rs [Pxb] [fin] + Re [5Peb] [511]

RS [5Pub [l + R [5PLb] il }
4GF Qem
V2 4n

{Cr BBowb] (o™ ul + Cre 16 [50,0,b] [ioapn] }

V;; th X

Vl: th X

» We take all new Wilson Coefficients real and hence do not discuss CP

violation.

New Physics in b — s 1~ : CP-Violating Observables, in preparation
A. K. Alok, A. Datta, A. Dighe, M. Duraisamy, DG, D. London, S. UmaSankar

Slide 8 of 27

DAE Symposium, LNMIIT, Jaipur, December 16, 2010


diptimoy
Rectangle


Deacy Modes
BY(b3) — putu~ < 3.6 x 1078(90% CL)

Branching Ratios
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Deacy Modes
BY(b3) — putu~ < 3.6 x 1078(90% CL)
BY(b d) — Xeptp~ 5x 1076

Branching Ratios
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Deacy Modes Branching Ratios

BY(b3) — putu~ < 3.6 x 1078(90% CL)
BY(b d) — Xeptp~ 5x 1076
BY(b3s) — utpy Not yet detected

Slide 9 of 27 DAE Symposium, LNMIIT, Jaipur, December 16, 2010



Deacy Modes Branching Ratios

BY(b3) — putu~ < 3.6 x 1078(90% CL)
BY(b d) — Xeptp~ 5x 1076
BY(b3s) — utpy Not yet detected

BY(bd) — K(sd)utu~ 4.5 % 1077
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Deacy Modes Branching Ratios

BY(b3) — putu~ < 3.6 x 1078(90% CL)
BY(b d) — Xeptp~ 5x 1076
BY(b3s) — utpy Not yet detected

BY(bd) — K(sd)utu~ 4.5 % 1077
BY(bd) — K*(s d)u*tpu~ 1.10 x 1076
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From Free Quarks to Hadrons

Deacy Modes Branching Ratios
Bo(b3) — utp~ < 3.6 x 1078(90% CL)
BY(b d) — Xeptp~ 5x 1076
BY(b3) — utpy Not yet detected
BY(bd) — K(s d)utu~ 4.5 % 1077
BY(bd) — K*(s d)u*tpu~ 1.10 x 1076

» Mass scales involved :
Mg, = 5.28 GeV, Mp, = 5.37 GeV , Mx= 498 MeV, M= 896 MeV

mp(p = mp)= 4.2 GeV(MS) , ms(pn = 2 GeV)= 101 MeV (MS)
m,= 105 MeV

> as(p = mpy) = 0.22
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e |arge background due to
B — {K,K* Xs} )/ = {K,K* Xs} I |~

B = {K,K*, Xs}/" —{K,K*Xs} " |~
is vetoed explicitely by cuts on the dilepton invariant mass

distribution = 6 GeV? < (¢%)cur < 14.4 GeV?
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e |arge background due to
B — {K,K* Xs} )/ = {K,K* Xs} I |~

B = {K,K*, Xs}/" —{K,K*Xs} " |~
is vetoed explicitely by cuts on the dilepton invariant mass

distribution = 6 GeV? < (¢%)cur < 14.4 GeV?

e To avoid resonance contribution from p and other light mesons we set
(q2)min:1 GeV2
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e |arge background due to
B — {K,K* Xs}J/v = {K,K* Xs} I |

B = {K,K*, Xs}/" —{K,K*Xs} " |~
is vetoed explicitely by cuts on the dilepton invariant mass

distribution = 6 GeV? < (¢%)cur < 14.4 GeV?

e To avoid resonance contribution from p and other light mesons we set
(q2)min:1 GeV2

Low g° region : 1 GeV? - 6 GeV?
High g? region : > 14.4 GeV?
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e Branching Ratio of BY(b5) — putpu~ :
Tevatron upper bound 3.6 x 1078 at 90% C.L.
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Constraints on New Physics
e Branching Ratio of BY(b5) — putpu~ :
Tevatron upper bound 3.6 x 1078 at 90% C.L.
» Tensor operators do not contribute to this decay

» Offer stringent constraints on scalar pseudo-scalar operators
:|R5 - Rg|2 + |RP — RII3|2 < 0.44
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Constraints on New Physics
e Branching Ratio of BY(b5) — putpu~ :
Tevatron upper bound 3.6 x 1078 at 90% C.L.
» Tensor operators do not contribute to this decay
» Offer stringent constraints on scalar pseudo-scalar operators

:|R5 - Rg|2 + |RP — RII3|2 < 0.44

° B(Bg d X5M+M_)Measured =

(1.60 +0.50) x 107°  (low ¢?)
(0.44 £0.12) x 107°  (high ¢°)
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Constraints on New Physics
e Branching Ratio of BY(b5) — putpu~ :
Tevatron upper bound 3.6 x 1078 at 90% C.L.
» Tensor operators do not contribute to this decay
» Offer stringent constraints on scalar pseudo-scalar operators
=|Rs — R|> 4+ |Rp — Rp|> < 0.44
e B(BY — Xspt" 10 IMeasured =
(1.60 +0.50) x 107°  (low ¢?)
{ (0.44 £0.12) x 107°  (high ¢°)

° B(BS — RH+M7)Measured =

(1.36 £0.24) x 1077 (low ¢?)
(1.36 0.28) x 1077 (high ¢°)
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Constraints on New Physics
e Branching Ratio of BY(b5) — putpu~ :
Tevatron upper bound 3.6 x 1078 at 90% C.L.
» Tensor operators do not contribute to this decay

» Offer stringent constraints on scalar pseudo-scalar operators
=|Rs — R|> 4+ |Rp — Rp|> < 0.44

B0 +,,— _
° B(Bd — XsM 12 )Measured = 10+ S
(1.60 +0.50) x 107°  (low ¢?)
(0.44 £0.12) x 107°  (high ¢°)
- _ &
° B(BS — K//’/+N7)Measured =
(136 £0.24) x 1077 (low ¢°) o}
(1.36 0.28) x 1077 (high ¢°)
— |CT|2 + 4|CTE|2 s 1.0 -10 -8 -6 —4Rv—2 0 2 4
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Decay Amplitude for B(p1) — K*(p2,€) p*(p+) p~(p-) :
aG,:
2V 27
{ G (o Ymv(ps) + Cro a(p-)rsvips) |

i
_2C$
2
q

Vi Vib X | (K™ (P2, €) [37u(1 — 75)b| B(p1))

My (K* (P2, €)[5ica” (1 + 75)bIB(p1)) 8(p- )y v(p4 )]
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Decay Amplitude for B(p1) — K*(p2,€¢) p(p+) p(p-) :

aG,:

——— ViV x

2\/571' ts Yt

{ G (o mv(ps) + Cro a(p-)rsvips) | “Form

H Factors
cs _

-2 q72 my(K U(P—)WV(PJr)]
AForm
Factors
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Decay Amplitude for B(p1) — K*(p2,€¢) p(p+) p(p-) :
aG,:
227

{Cgeﬂ a(p-)uv(p+) + Cio U(p-)1u7s V(p+)}
eff
-2 272 my(K*(p2, €)[3i01,q" (1 +75)b|B(p1)) L_l(p_)fy'uv(p_'_)]

VitVio x [ (K" (P2, ) [57(1 = 75)b] B(p1))

» Low q> : QCD (Improved) Factorization(QCDF) Form Factors
» High g? : Light Cone Sum Rule(LCSR) Form Factors
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e Scalar, Pseudo scalar : No deviation from SM = robust prediction
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e Scalar, Pseudo scalar : No deviation from SM = robust prediction

e Tensor :
0.

Ars

dB/dg? (x107 Gev )

8

0.6

0.4

0.2

0.8

SM Band :  mem— SM Band :

SM Central Value : mm—m - SM|Central Value : m—
0.6
0.4
0.2

R —
-0.2
1 2 3 4 5 6 14 15 16 17 18 19 20

4

SM Band : mww SM Band :

SM Central Value : m— 35 SM Central Value : m—
05
0

15 16 17 18 19 20
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0.8
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I
2

N
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dB/dg2 (x107GeV )
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e
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dB/dg? (x107 GeV

0.8 T

j ) SM Band : ‘e
SM Central Value :
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Py
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i, e
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» Forward Backward Asymmetry has a zero crossing in the SM:
(g?)o = 3.5 +£0.12 GeV? (NNLO-+QED) Huber, Hurth, Lunghi 08
» Arg is not measured yet but a precision of 5% is expected in the
Super B factory.
» Effect of New Physics : Qualitatively same as in BS — K*utp~
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» Forward Backward Asymmetry has a zero crossing in the SM:
(g?)o = 3.5 +£0.12 GeV? (NNLO-+QED) Huber, Hurth, Lunghi 08

» Arg is not measured yet but a precision of 5% is expected in the
Super B factory.

» Effect of New Physics : Qualitatively same as in BS — K*utp~

» Arp has a zero crossing in the low g region : q3 ~ 4.3 GeV?

» Agg is independent of form factors in the LEET limit = Deviation
from SM will be difficult to accommodate by Form Factor
uncertainties.

» SP operators do not contribute to this decay. Tensor operators can
only suppress the Agg from its SM value.

» Large deviation from SM is only possible by new VA operators.
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v Axial Vector Current

‘ Bg(p1)> =0=—Arp =0Iin SM.

Integrated Asymmetry (Arg) = (0.1579-32 +0.08)(BaBar)
(0.10 + 0.14 4 0.01)(Belle)
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> <R(p2) ’57;/)/5[3‘ Bg(Pl» =0=—Arg = 0in SM.

Integrated Asymmetry (Arg) = (0.1579-32 +0.08)(BaBar)
(0.10 + 0.14 4 0.01)(Belle)

» New Physics VA operators do not contribute to Arg.
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> <R(p2) ’57;/)/5[3‘ Bg(Pl» =0=—Arg = 0in SM.

Integrated Asymmetry (Arg) = (0.1579-32 +0.08)(BaBar)
(0.10 + 0.14 4 0.01)(Belle)

» New Physics VA operators do not contribute to Arg.

» Deviation from SM is possible only due to SP and/or T operators.
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Only Rg p and R’g p present

B3(b d) = K(s d)utp~

Only Rg p and R’g p present

2 3 4
q*(GeV?)

Only Rg p and R'g p present
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Arg(%0)

dB/dq? (10%GeVv?)

10

B3(b d) = K(s d)utp~

Only Ct 1¢ present

I S
- 1 o
— 1 <
1 2 3 4 5 6
a“(Gev?)
Only Ct g present
, 1o
>
]
, 1 O
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o
,,,,,,,,,,, =
1 o~
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= o = ] i)
o
1 2 3 4 5 6
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40 !
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Only Cy 1¢ present
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Only Cy 1¢ present

18 19
q°(GeV?)

20 21
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Arg(%0)
o

10
<
>
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U]
@
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4
~N
=3
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By(b d) = K(s d)utp~
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d'r
dg?d cos 0,,d cos Ok dop

= NF{2(13A 006 A+ 10+ 1%+ 1S + 1%+ 10+ 10y + l?T) cos’ Ok

+ (R + 1+ + /#) sin? O + (Iya + 17 ) sin® O + (/\‘jAi +I0E + IS 4 I 4195 ) sin 29K}
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d'r
dg?d cos 0,,d cos Ok dop

= NF{2(13A 006 A+ 10+ 1%+ 1S + 1%+ 10+ 10y + l?T) cos’ Ok

+ (R + 1+ + /#) sin? O + (Iya + 17 ) sin® O + (/“}Ai +I0E + IS 4 I 4195 ) sin 29K}

d*r s
dg?dcosf, 3

{ (10a+ s + 197 + 13 + 137 + 1o+ 1r + 180+ 1% ) + (K + K7+ 47 + 1) }
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d'r
dg?d cos 0,,d cos Ok dop

= NF{2(13A + 135 + IST + I/gP + IXT + ’gp + I§’T + /g-,— + I;J—T) cos? Ok

+(I\Z\+ I+ /#) sin 0 + (/;; + l;) sin? 0 + (/\‘}Ai FISE 0 0 4 1$$) sin 29K}

ar 8mNp 0 0 0 0 0 0 0 0 0
dfdcost, 3 {(’VA s+ 1+ 5o + R + o + 130 + By + 13 ) + (K" + 17 + 1 + 177 )
dr 8wNE
—_— = A A
dq? 3 (AL+ A7)
— ! 0 0 0 0 0 0 0 0 0
Ao = dcosf, (IVA +lys + I+ lap + lar + Isp + Is7 + lpr + ITT),
1
_ ! T T e
Ar = / dcosf, (IVA + Iyt + i + ITT)
1

AL Ar
=T
AL+ At

Slide 22 of 27 DAE Symposium, LNMIIT, Jaipur, December 16, 2010



fL

fL

Longitudinal Polarisation Fraction f;

Only Ry a and Ry, spresent

Only Ry a and R}, opresent
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d°r ~1.dr ) (im) .
W = Ed—q2 [1 + fT (AT COS2¢ + AT Sin 2¢) i|

» In the Large Energy(of the final state meson) and Heavy Quark limit

A(ﬁ) is =~ 0 in the low-q° region in SM. [Kruger, Matias 20095
—
d3r
dq2d¢d cos O
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diptimoy
Typewriter
Kruger, Matias 2005

diptimoy
Rectangle


d°r 1 dr () (im) .
m = Ed—q2|:1+fT (AT COS2¢+AT S|n2¢)i|

» In the Large Energy(of the final state meson) and Heavy Quark limit
A(ﬁ) is = 0 in the low-g? region in SM.

—

/2 d3r
/ d¢d 2d
=2 dq*d¢d cos bk
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d?r . 1.dr ) (im) .
W = Ed—q2 [1 + fT (AT COS2¢ + AT Sin 2¢) i|

» In the Large Energy(of the final state meson) and Heavy Quark limit
A is ~ 0 in the low-q?2 region in SM.

1 0 2 3

{Jy dcosbx — [, dcos GK}(ffT/r/2 d¢7dq2d¢‘>jdrcosa,<)
1 0 /2 3

{Jo dcostk + [, dcos GK}(er/z d¢dq2dq¢bde::050K)
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d?r . 1.dr ) (im) .
W = Ed—q2 [1 + fT (AT COS2¢ + AT Sin 2¢) i|

» In the Large Energy(of the final state meson) and Heavy Quark limit
A is ~ 0 in the low-q?2 region in SM.

1 0 2 3

{Jy dcosbx — [, dcos eK}(ij/r/Z d¢7dq2dgdzosa,<)
1 0 /2 3

{Jo dcostk + [, dcos GK}(er/z d¢dq2dq¢bjdl::050,<)

» A.7 has a zero crossing in the SM. (g°)o ~ 1.96GeV.

» Zero crossing point is independent of Form Factors in the Large Energy
and Heavy Quark limit = Excellent observable to look for New Physics.
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Angular Asymmetries A

)
T

Only Ry a and Ry spresent

and A;t : Vector, Axial-Vector

Only Ry a and Ry, spresent
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Angular Asymmetries A

Only Cr and Crg present

(-,%) and A;7 : Tensor

Only Cr and Cyg present
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Summary

v

B decays in particular, the b — s sector is an excellent place to look
for New Physics.

» We have done a comprehensive analysis of various decay modes
involving b — s transition with all possible New Physics lorentz
structures in a very model independent way.

» We have considered observables and also constructed an observable
with small hadronic uncertainties so that unambiguous predictions of
the exixtance of new physics can be made.

» Even if the current deviations from Standard Model do not persist,
or show some other features, our analysis enables us to recognize
which kind of new physics structure could account for the observed

deviation.
Stay tuned....
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Q1= Gitj)y_A (Tdi)y_p, Q=

(su)V A (Od)y A

u s d s
Qs =(3d)y_s D (G9)y_a -
q
Qs = (5idj)y_ 4 E (491)yv_a g w u,c,t u,c,t
q
@ = (5d)y_ Z (@9)v A g
q d u a ]

Q6 = (Sidj)y_a Z (@ai)via (a) (b)

3 : d s b s
Q=3 (Ed)yv_a D e (a@)y.a u,c,t w

q

3 wc,t .t W W t t
Qs = 2 Gid)y_a D e (@a)y s

3 : 7L o
Qo = 2 (3d)v_a Z & (G9)yv _a q q

3 ’ © @
Quo = 5 (5idj)y_a Z eq (4j9i)v_a B b a .

! W
W
Qry = ——my5ic™ (1 + ~s)bi F
Ty 82 b i ¥5)0iFpv . .
t t
Qg = 8g_2mb§i0"w(l + 'YS)Tab, G,“/ u,c, u,c,
T
b { L
Qov = (bs)v_a(I)v, Qioa = (bs)v_a(INa W v
bs d 1 1



Appendix-2: Heavy Quark Effective Theory : A short primer =

2

(R(p2)[59bl BY(p1)) = (261~ @)ufil2) + (FC) qulfo(2) — £i(2)]
<K(pz)|swwq b| Bi(p > = —[(2p1 —q)uq” — (m3 —mi)qu] % 7
(K(p2) I56l BY(p)) = %:’g)@(z),
(K(p)50,mb B(p))) = i[(2p1 — @)u — 2p1 — 9o %

Heavy quark limit : b= b, v¥ = pg/mg.
Multiply v* in both sides of the form factor equations.
After some algebra .. (k = mx/mg, z = g*/m3)

fr

fr(1+ k)fy

fi = ——Zf



o Vie Vis Va b

_is
C12€13 512€13 DECERG

5 .
Voxkm = | —S12603 — C12523513€"°8 o003 — S10503513€ 523€13

id13
is is
512503 — C12C23513€'%8  —C1253 — S12(03513€"7 (o313

s = A =022, s;3=AN,  sp3e 00 = AN (p—in)

1152 A AX(p—in)
Vekm = -\ -1 AN? + 0O\
AN(L—p—in) —AN 1

(Wolfenstein Parametrization)



O(N’) + O(\*) + O(N?)

0= ViV, + VeaVy + VidViy =

v, VM p
L T—l i=mn(l—3X\%)
¥, A<(pim
0= ViV, + VasVii + ViVis = O(N) + O(N?) + O(N) R
Ry
V V* (15 \{S\/tf) B
us ub'é vV S y R
cs b C=(0,0) B=(1,0

VeV, cb )

),'Y = arg( vujv'ib) Bs = arg( VeV,

o= arg(yk), § = arg(—

Vi Vil ,\2 1 V VgVl _ 1|V,

R = |udilfkb — _ A7\1L | Muwb R — td tb 4| Vtd

b |Vcd Vcb| ( A t= |Vcd cbI A VCb
Vig = |Viale™# Vb = |Vuple™

Rpe™ + Ree™ =1





