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Introduction

1 Hadrons get mass in vacuum through qq̄ pairing.

2 Chiral symmetry is restored at high temperature.
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Introduction

1 Hadrons get mass in vacuum through qq̄ pairing.

2 Chiral symmetry is restored at high temperature.
3 Magnetic field influences chiral symmetry breaking..

Strong magnetic field exists in compact stars.
Relevant for heavy ion collision experiments (Mag. field
∼ 1018 Gauss).

4 NJL model for studying χSB.
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Dirac equation in magnetic field

1 The Dirac equation in presence of magnetic field is

(i∂/− qA/− m)ψ = 0

Bhaswar Chatterjee DAE-HEP 2010, Jaipur



Dirac equation in magnetic field

1 The Dirac equation in presence of magnetic field is

(i∂/− qA/− m)ψ = 0

2 We choose the magnetic field to be of strength B and along
the z direction

3 We choose Aµ = (0, 0,Bx , 0).

Bhaswar Chatterjee DAE-HEP 2010, Jaipur



Dirac equation in magnetic field

1 The Dirac equation in presence of magnetic field is

(i∂/− qA/− m)ψ = 0
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the z direction

3 We choose Aµ = (0, 0,Bx , 0).
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Dirac equation in magnetic field

1 The Dirac equation in presence of magnetic field is

(i∂/− qA/− m)ψ = 0

2 We choose the magnetic field to be of strength B and along
the z direction

3 We choose Aµ = (0, 0,Bx , 0).

4 For E > 0, the energy levels are given by

E 2
n = m2 + p2

z + (2n + 1)|q|B − qBα

5 For E < 0, the energy levels are given by

E 2
n = m2 + p2

z + (2n + 1)|q|B + qBα

Bhaswar Chatterjee DAE-HEP 2010, Jaipur



Ansatz for the ground state

1 | 0〉 is the ground state when g = 0.
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Ansatz for the ground state

1 | 0〉 is the ground state when g = 0.

2 Ansatz for the ground state

| vac〉 = U | 0〉 = eB†−B | 0〉

Where

B† =
∑

n

∫

dp
\x
q†
r (n,p\x

)ar ,s(n, pz)f (n,p
\x
)q̃s(n,−p

\x
)
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Ansatz for the ground state

1 | 0〉 is the ground state when g = 0.

2 Ansatz for the ground state

| vac〉 = U | 0〉 = eB†−B | 0〉

Where

B† =
∑

n

∫

dp
\x
q†
r (n,p\x

)ar ,s(n, pz)f (n,p
\x
)q̃s(n,−p

\x
)

3 f (n,p
\x
) is the condensate function. and

ar ,s =
1

√

p2
z + 2n|qi |B

[

−
√

2n|qi |Bδr ,s − ipzδr ,−s

]
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Chiral condensate

1 The chiral condensate term is given by

〈ψ̄ψ〉i = −
∞
∑

n=0

Nc |qi |Bαn

(2π)2

∫

dpz

cos 2θi
±

ǫni

[mi cos 2fi + |pi | sin 2fi ]

= −Ii

where

ǫni =
√

m2
i + p2

z + 2n|qi |B

and
cos 2θi

± = 1 + sin2 θi
− + sin2 θi

+
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3 − flavor NJL Lagrangian

1 The 3 − flavor NJL Lagrangian in presence of magnetic field
with the Kobayashi-Maskawa-t’Hooft [KMT] vertex is given by

L = ψ̄ (i∂/− qiBxα2 − m)ψ + G

8
∑

A=0

[

(ψ̄λAψ)2 + (ψ̄γ5λAψ)2
]

− K
[

det{ψ̄(1 + γ5)ψ} + det{ψ̄(1 + γ5)ψ}
]
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3 − flavor NJL Lagrangian

1 The 3 − flavor NJL Lagrangian in presence of magnetic field
with the Kobayashi-Maskawa-t’Hooft [KMT] vertex is given by

L = ψ̄ (i∂/− qiBxα2 − m)ψ + G

8
∑

A=0

[

(ψ̄λAψ)2 + (ψ̄γ5λAψ)2
]

− K
[

det{ψ̄(1 + γ5)ψ} + det{ψ̄(1 + γ5)ψ}
]

2 λ’s are the Gell Mann matrices satisfying

8
∑

A=0

λA
ijλ

A
kl = 2δilδjk
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Thermodynamic potential

1 The thermodynamic potential is given by

Ω = T + V − µ〈ψ†ψ〉 − S

β
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Thermodynamic potential

1 The thermodynamic potential is given by

Ω = T + V − µ〈ψ†ψ〉 − S

β

2 S is the entropy which is given by

S = −
∑

i

∑

n

Ncαn|qi |B
(2π)2

∫

dpz{sin2 θi
− ln sin2 θi

− + − ↔ +}

+

∫

dpz{cos2 θi
− ln cos2 θi

− + − ↔ +}
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T = 0, µ = 0 case

1 The thermodynamic potential is given by

Ω = −
∞
∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpz

√

M2
i + |pi |2+2G

∑

i

I 2
i +4KI1I2I3
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T = 0, µ = 0 case

1 The thermodynamic potential is given by

Ω = −
∞
∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpz

√

M2
i + |pi |2+2G

∑

i

I 2
i +4KI1I2I3

2 The gap equation at T = 0, µ = 0 is given by

Mi = mi + 4GIi + 2K |ǫijk |Ij Ik
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T = 0, µ = 0 case
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T 6= 0, µ 6= 0 case

1 The thermodynamic potential is given by

Ω = − 2Nc

(2π)3

∑

i

∫

d3p

√

p
2
i + M2

i + 2G
∑

i

I 2
i + 4KI1I2I3

− Nc

2π2

∑

i

|qiB |2
[

ζ ′(−1, xi ) −
1

2
(x2

i − xi) ln xi +
x2
i

4

]

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi−µi )}

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi+µi )}
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T 6= 0, µ 6= 0 case

1 The thermodynamic potential is given by

Ω = − 2Nc

(2π)3

∑

i

∫

d3p

√

p
2
i + M2

i + 2G
∑

i

I 2
i + 4KI1I2I3

− Nc

2π2

∑

i

|qiB |2
[

ζ ′(−1, xi ) −
1

2
(x2

i − xi) ln xi +
x2
i

4

]

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi−µi )}

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi+µi )}

Where xi =
M2

i

2|qiB| . and

ωni =
√

M2
i + |pi |2
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T 6= 0, µ 6= 0 case

1 The gap equation is given by

Mi = mi + 4GIi + 2K |ǫijk |Ij Ik
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T 6= 0, µ 6= 0 case

1 The gap equation is given by

Mi = mi + 4GIi + 2K |ǫijk |Ij Ik

2 The chiral condensate term is given by

Ii = I i
vac + I i

field + I i
med

=
NcMi

2π2



Λ
√

Λ2 + M2
i − m2

i ln





Λ +
√

Λ2 + M2
i

Mi









+
NcMi |qiB |

(2π)2

[

xi(1 − ln xi) + ln Γ(xi ) +
1

2
ln

xi

2π

]

−
∞
∑

n=0

Nc |qi |Bαn

(2π)2

∫

dpz
Mi

√

M2
i + |pi |2

(sin2 θi
− + sin2 θi

+)

where Λ is the cut off in NJL model.

Bhaswar Chatterjee DAE-HEP 2010, Jaipur



T 6= 0, µ = 0 case
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T 6= 0, µ = 0 case
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T = 0, µ 6= 0 case
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T = 0, µ 6= 0 case
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de Haas-van Alphen effect

1 At T = 0 gaps depend on the density of states of quarks at
the Fermi surface.

2 Density of state has an oscillatory structure because of
different quantization levels with varying magnetic field.

3 Gaps display magnetic oscillation.

4 Similar to de Haas-van Alphen effect in metals.
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de Haas-van Alphen effect

1 de Haas-van Alphen effect. We have taken µ = 380 MeV.
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Charge neutrality

1 Charge neutrality demands

µs = µd = µu + µe .

2 We need 2 independent chemical potentials. µq = 1
3µB and

µe .
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Charge neutrality at T = 0
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Charge neutrality at T = 0
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Charge neutrality at T 6= 0
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Charge neutrality at T 6= 0
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Equation of state at T = 0
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Equation of state at T 6= 0
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1 Dr. Hiranmaya Mishra [PRL, Ahmedbad]

2 Dr. Amruta Mishra [IIT Delhi]

Thank You
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Dirac spinors in magnetic field

1 The Dirac spinors for particles with positive electrical charge
are given by

U↑(p\x
, n) =

1
√

2ǫn(ǫn + m)









(ǫn + m)In
0

pz In
−i

√
2nqiBIn−1









e
ip

\x
·x
\x e−iǫnt

and

U↓(p\x
, n) =

1
√

2ǫn(ǫn + m)









0
(ǫn + m)In−1

i
√

2nqiBIn
−pz In−1









e
ip

\x
·x
\x e−iǫnt
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Dirac spinors in magnetic field

1 The Dirac spinors for anti particles with positive electrical
charge are given by

V↑(−p
\x
, n) =

1
√

2ǫn(ǫn + m)









√
2nqiBIn
ipz In−1

0
(iǫn + m)In−1









e
−ip

\x
·x
\x e iǫnt

and

V↓(−p
\x
, n) =

1
√

2ǫn(ǫn + m)









ipz In√
2nqiBIn−1

−iǫn + m)In
0









e
−ip

\x
·x
\x e iǫnt
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Dirac spinors in magnetic field

1 In is the solution of Hermite differential equation given by

In(ξ) = Cne
− ξ2

2 Hn(ξ)

Where Hn(ξ) is the Hermite polynomial and Cn =
[ √

qiB

n!2n
√

π

]
1
2
.

ξ =
√

qiB
(

x − py

qi B

)

is a dimensionless variable.

2 In’s follow the following orthonormality relation

∫

dξIn(ξ)Im(ξ) =
√

|qi |Bδn,m
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Important expectation values

1 The free particle energy term is given by

T + m〈ψ̄ψ〉 = 〈ψ†(−iα · ∇ − qiBxα2 + βm)ψ〉

= −
∞

∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpzǫni cos 2θi
± cos 2fi
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Important expectation values

1 The free particle energy term is given by

T + m〈ψ̄ψ〉 = 〈ψ†(−iα · ∇ − qiBxα2 + βm)ψ〉

= −
∞

∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpzǫni cos 2θi
± cos 2fi

2 The number density term is given by

〈ψ†ψ〉 =

∞
∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpz

[

1 − sin2 θi
+ + sin2 θi

−
]
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T = 0, µ = 0 case

1 Thermodynamic potential is equal to total energy,
E = T + V .
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T = 0, µ = 0 case

1 Thermodynamic potential is equal to total energy,
E = T + V .

2 The kinetic energy is given by

T = −
∞

∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpzǫni cos 2fi

with

ǫni =
√

m2
i + p2

z + 2n|qi |B =
√

m2
i + |pi |2
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T = 0, µ = 0 case

1 Thermodynamic potential is equal to total energy,
E = T + V .

2 The kinetic energy is given by

T = −
∞

∑

n=0

∑

i

Ncαn|qiB |
(2π)2

∫

dpzǫni cos 2fi

with

ǫni =
√

m2
i + p2

z + 2n|qi |B =
√

m2
i + |pi |2

3 The interaction term is given by

V = −〈G
8

∑

A=0

[

(ψ̄λAψ)2 + (ψ̄γ5λAψ)2
]

〉

+ K 〈
[

det{ψ̄(1 + γ5)ψ} + det{ψ̄(1 + γ5)ψ}
]

〉
= Vs + Vd
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T = 0, µ = 0 case

1 In our case
〈ψ̄γ5ψ〉 = 0

and

det(ψ̄iψj) = det





ψ̄1ψ1 ψ̄2ψ1 ψ̄3ψ1

ψ̄1ψ2 ψ̄2ψ2 ψ̄3ψ2

ψ̄1ψ3 ψ̄2ψ3 ψ̄3ψ3




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T = 0, µ = 0 case

1 In our case
〈ψ̄γ5ψ〉 = 0

and

det(ψ̄iψj) = det





ψ̄1ψ1 ψ̄2ψ1 ψ̄3ψ1

ψ̄1ψ2 ψ̄2ψ2 ψ̄3ψ2

ψ̄1ψ3 ψ̄2ψ3 ψ̄3ψ3





Therefore

Vd = 2K 〈ψ̄1ψ1〉〈ψ̄2ψ2〉〈ψ̄3 ψ3〉 = −2KI1I2I3

All other terms will be atleast 1
Nc

suppressed.

2 We define mi

ǫni
= cosφ0

i and define φi = φ0
i − 2fi
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T 6= 0, µ 6= 0 case

1 The thermodynamic potential is given by

Ω = −
∑

n,i

Ncαn|qiB |
(2π)2

∫

dpzωni + 2G
∑

i

I 2
i + 4KI1I2I3

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi−µi )}

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi+µi )}

Where

ωni = ǫni =
√

M2
i + |pi |2
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T 6= 0, µ 6= 0 case

1 The thermodynamic potential is given by

Ω = −
∑

n,i

Ncαn|qiB |
(2π)2

∫

dpzωni + 2G
∑

i

I 2
i + 4KI1I2I3

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi−µi )}

−
∑

n,i

Ncαn|qiB |
(2π)3β

∫

dpz ln {1 + e−β(ωi+µi )}

Where

ωni = ǫni =
√

M2
i + |pi |2

2 The first term is divergent.
3 For regularization, add and subtract a vacuum term

Tvac =
2Nc

(2π)3

∑

i

∫

d3p

√

p
2
i + M2

i
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