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Monopoles in QCD

• Dual superconductor scenario requires the condensation of magnetic

monopoles as a key ingredient, but the QCD as such does not have the

magnetic charge as an elementary degrees of freedom (DOF).

• Such dual picture is based on the Abelian gauge theory, but QCD is

essentially a non-Abelian gauge theory.

• There exists the gauge fixing techniques which reduce the QCD as an

Abelian gauge theory with the monopoles as essential DOF’s.

• Some Examples: ’t Hooft’s Abelian gauge fixing, Magnetic gauge

fixing and Maximally Abelian gauge fixing in lattice QCD.

(G Ripka, arXiv : hep-ph/0310102 and references therein.)
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Attributes: Conventional Superconductor ⇐⇒ Dual QCD

Type of Charges: Electric ⇐⇒ Magnetic

Condensation: Cooper Pairs ⇐⇒ Monopole/Dyon Pairs

Net Effect: Meissner ⇐⇒ Dual Meissner

Confinement: Magnetic Flux ⇐⇒ Electric Flux

Type of States: mm̄ Bound ⇐⇒ qq̄ Bound

S Mandelstam, Phys. Rep. C23 (1976) 245 and references therein.
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Present Formulation

• Lagrangian

£ = −
1

4
G̃µν G̃

µν+
˛

˛

˛

(∂µ + i g̃ C̃µ)φ
˛

˛

˛

2

+ψ̄ γµ(i ∂µ+g̃ C̃µ)ψ−mψψ̄−V (φ∗φ)

(1)

where G̃µν = ∂µC̃ν − ∂νC̃µ, ψ → quark field and φ→ monopole field.

• Effective potential V (φ∗φ) = Ω (φ∗φ− η2)2, (2)

where η2 =< φ∗φ >0 and Ω = 3λ/α2

s.

• Field equations
(iγµ ∂µ + g̃γµC̃µ −m )ψ = 0 , (3)

(∂µ + i g̃C̃µ)2φ + 2Ω ( |φ|2 − η2)φ = 0 , (4)

∂νG̃µν + ig̃(φ∗←→∂µφ)− g̃ψ̄γµψ − m̃
2 C̃µ = 0 ; (m̃ = (8π/αs)

1/2) η (5)

K Shima, IL Nuovo Cimento 44A (1978)163.

H Nandan et.al, Euro Phy. Lett.67(2004)746.
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Total Charge

• Colour charge density jc = m̃2 C̃0 + g̃ ψ†ψ. (6)

• Total colour charge of the system

Qc ≡

Z

d3xjc = m̃2

Z

d3x C̃0 + g̃

Z

d3xψ†ψ. (7)

• Since observed hadrons are colour singlet so

Qc ≡

Z

d3x jc = 0. (8)

• It means the colour charge of quark must be totally screened.

• For Nq quark state (
R

d3xψ†ψ = Nq)

Nq = −m̃2/g̃

Z

d3x C̃0 (9)

• For one quark system 1 + m̃2/g̃

Z

d3x C̃0 = 0 (10)

Existence of a screening potential C̃0 in strong coupling regime!
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Condition for Charge Screening

• Let us consider cylindrically symmetric ansatz

C̃ = − eθ C̃(ρ), C̃0 = C0(ρ), and φ(ρ) = χ(ρ) exp (i nθ) (11)

• ψ for the stationary solution to the bound quark

ψ = exp(−iǫt)







u (ρ, θ, z)

v (ρ, θ, z)







, (12)

where u(ρ) and v(ρ) → 0 as ρ→ ∞.
• In order to guarantee the total charge screening, C̃0 must fall off

rapidly than ρ−1 from the Gauss law.

• For such C̃0, from field equation C̃0 for ρ→∞

m̃2 C̃0 ≫ g̃ ψ†ψ, (13)

acts as a necessary condition for total charge screening.
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DME and Colour Flux Screening

• Field equations C̃ ′′
0

+
1

ρ
C̃ ′

0
− m̃2 C̃0 = 0 , (14)

C̃ ′′ +
C̃ ′

ρ
−
C̃

ρ2
−

2ng̃

ρ
χ2 − m̃2 C̃ = 0 , (15)

χ′′ +
χ′

ρ
−

(

n

ρ
+ g̃ C̃

)2

χ+ g̃2C̃2

0
χ+ 2Ω (χ2 − η2)χ = 0, (16)

with the following boundary condition for C̃ in addition to (13).

m̃2 ρ C̃ + 2n g̃ ζ2 ≫ ρ (ψ†
γ ψ). (17)

• Electric and magnetic fields Ẽ = − 1

ρ
( ρ C̃)′ and H̃ = C̃′

0

• For instance, at large distances

Ẽ → C

√

η

ρ
e− m̃ρ + non-leading terms , (18)

which signifies DME and Ẽ screened up to a distance m̃−1.
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Flux Quantisation

• Flux quantisation can be seen though the kinetic energy (K) term

|Dµφ|
2 in the Lagrangian (1) where Dµ ≡ ∂µ + i g̃C̃µ.

• It leads to
K =

∫ ∞

0

ρ dρ

∫

2π

0

dθ

(

1

ρ

dφ

dθ
− g̃ C̃

)2

η2 . (19)

• Minimisation of the K in superconducting phase i.e. η 6= 0 leads to

2πn/g̃ =
R

C̃ρ dθ =
H

C̃ · dl.

• Using the Stokes theorem then leads

ΦẼ =

∫

(∇× C̃) · dS =

∫

Ẽ · dS = nQe , (20)

where Qe = g/2 acts as the colour electric charge of a quark.

• Condition (20) is valid with the requirement that φ be continuous

along any closed path in dual QCD vacuum which encircles Ẽ.
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Energy Configuration in DGL Model

• Lagrangian L = −
1

4
G̃µνG̃

µν + |Dµ φ |
2

+ V (φφ∗). (21)

• Lagrangian (21) ≡ Lagrangian (1) with charge screening effect.

• Vortices are invariant under translations along any fixed axis and

therefore may be viewed as finite energy solutions in two dimensions.

• With vanishing temporal degrees of freedom of C̃µ (i.e. C̃0 = 0)

E =

∫

d2x

[

1

4
G̃2

ij + |Dk φ |
2

+ Ω(φφ∗ − η2)2
]

. (22)

• Energy (22) contains a term m̃2C̃2

i −→ DME.

• Energy expression can be rewritten as (22)

E =

∫

d2xE =

∫

d2x

[

|D1φ|
2 + |D2φ|

2 +
1

2
G̃2

12
+ Ω(φφ∗ − η2)2

]

. (23)
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Bogomol’nyi Bound

• Restructured energy functional

E =

[

|(D1 + iD2)φ|
2 +

1

2
{[G̃12 + g̃(φφ∗ − η2)]2

+(2Ω − g̃2)(φφ∗ − η2)2} + g̃η2 G̃12

]

.

• For 2Ω = g̃2 (i.e. g2 = 6λ) =⇒ κ =
[

3λ
2παs

]1/2

=
√

6λ
g = 1, energy

E =

∫

d2x

[

| (D1 + iD2)φ |
2 +

1

2
[ G̃12 + g̃(φφ∗ − η2) ]2

]

+ g̃ η2 ΦẼ .

• With the vanishing of the squared entities i.e.,

(D1 + iD2)φ = 0, G̃12 + g̃ (φφ∗ − η2)2 = 0. (24)

• The minimum energy En = 2nπ η2. (25)

• En can be re-casted as En ≥ 2nπ η2 whether n is positive or negative.
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Conclusions and Future Possibilities

• QCD vacuum with magnetic condensation with total colour charge

screening necessarily give rise to DME leading to quark bound states.

• For the transition from type-II to type-I (for κ = 1, λ = 1; αs ≃ 0 · 0.5)

dual QCD vacuum, n-vortex solutions exist with BPS conditions.

• It remains to see the evolution pattern of the interaction energy

among vortices in type-I (κ < 1) and type-II (κ > 1) superconducting

dual QCD vacuum with numerical estimations.

• It would also be meaningful to investigate the exact process of how the

vortices attract/repel each other in different coupling regimes.
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