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Decay Rates of Heavy Qurkonia in NRQCD Formalism

P The new role of the heavy flavour studies as the testing ground for the non-perturbative
aspects of QCD, demands extension of earlier phenomenological potential model studies
on quarkonium masses to their predictions of decay widths with the non-perturbative
approaches like NRQCD. The decay rates of the heavy-quarkonium states into photons
and pairs of leptons are among the earliest applications of perturbative quantum chro-
modynamics (QCD) [Appelquist T et al. 1975, Barbieri R et al. 1976].

P NRQCD consists of a nonrelativistic Schrodinger field theory for the heavy quark and

antiquark that is coupled to the usual relativistic field theory for light quarks and gluons.

P NRQCD not only organize calculation of all orders in v, but also elaborate system-

atically the relativistic corrections to the conventional formula.

P Furthermore, it also provides nonperturbative definitions of the long-distance factors
in terms of matrix elements of NRQCD, making it possible to evaluate them in the

numerical lattice calculations.



P Here, we study the di-gamma and di-lepton decay widths based on the NRQCD for-
malism [Bodwin et al. 1995]. It is expected that the NRQCD formalism has all the
corrective contributions for the right predictions of the decay rates. NRQCD factoriza-
tion expressions for the decay widths of quarkonia are given by [Ajay Kumar Rai et al.
2008, Bodwin et al. 2002]
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P> The short distance coefficients F’s and G’s of the order of a? and a? are given by [Bodwin
et al. 2002]
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P The matrix elements that contributes to the decay rates of the S wave states into
ng — v and 1» — ete” through next-to-leading order in v?, the vacuum-saturation

approximation gives [Bodwin et al. 1995]
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» We have computed V2R p/v term as given by [Hafsakhan 1996], Accordingly

: M
V’R = —EBR?, as 1 — 0
where e is the binding energy and M is the mass of the respective meson state. The

binding energy is computed as eg = M — (2mg).

P In many cases of potential model predictions, it is observed that the radial wave function
at the origin are over estimated than the required value for the correct predictions of

the decay widths.

P In such cases, it is argued that the decay of QQ occurs not at zero separation, but
at some finite @ — ) radial separation rather than the arbitrary scaling of the radial
wave function at zero separation to estimate the decay rates correctly [Eichten et al.
1978].

P In the present computation of the decay rates using the NRQCD formalism we present
our results obtained by using the radial wave function and their derivatives at zero sep-
aration as well as at a finite radial separation of ro = r., given by [Ajay Kumar Rai et
al. 2008]

r, = *N"T-.ff|€Q|

Mp v
P It is related the electromagnetic process similar to the Compton radius and we call it as

color Compton radius of the QQ system.



Di-gamma decay widths [['(07" — ~ +)] (in keV) of ¢ system (15 — 35 states) in NRQCD formalism.

With mq

Vith o80T
With M

State  PL  T4(0) Tylr.) Togr(0) Toplr.)  Tal0) Tolr.) Tor(0) Toglr.) Others

15 05 837 283 544 184 had  1h6 1.02 347 72207 [7]
0.7 1091  3.80 709 247 696 199  1.29 452 75— 10[133]
1.0 1410 532 017 3.46 904 265  1.72 588  7.14£0.95[134]
1.1 15.02 579 076 3.7 965 286 1.86 6.27  5.5[132)
1.3 1664 676 1082 439 1074 320 214 6.98  7.46[60]
1.5 1802 762 1171  4.95 11.60 367 239 7.60  7.18[67]

25 0.5 3.92  0.46 255 030 1.95 033 021 127 1.3 £ 0.6 [159]
0.7 748 0.65 486 0.42 307 044 029 200 35-4.5[133]
1.0 1727 101 1122  0.66 532 059 038 346 4.4420.48[134]
1.1 2218 116 1442  0.76 622 063 041 405 1.8[132]
1.3 3521 153 2289  0.99 828 071 0.46 538 LT1[67]
1.5 5327 198 3463 1.29 1066 079 051 6.93

35 0.5 250 0.22 1.68  0.15 .17 015 0.10 0.76  1.21[67]
0.7 604  0.33 393  0.22 1.99  0.21 0.14 1.29
1.0 2031 053 1320 035 386 030 0.19 2.51
1.1 2070 061 1930 040 471 033 021 3.06
1.3 60.64 081 3941 052 6.81 038 025 4.43
1.5 11597 107 7538  0.69 947 043 028 6.15




Di-gamma decay widths [['(07" — ~ v)] (in keV) of ¢ system (45 — 65 states) in NRQCD formalism.

With mq With mg)
State  PT [g(0) Tolr.) Tor(0) Tegrlre)  Tel0) Tolr.) Tor(0) Torlre)
45 0.5 1.96  0.13 1.27  0.09 0.84  0.08 0.05 0.55
0.7 h24 022 341 0.14 148 0,12 0.08 0.96
1.0 2335 036 1518  0.24 307 0.18 0.12 1.99
1.1 3767 042 2448  0.27 383 020 0.13 2.49
1.3 9281 0.55  60.32  0.36 hel  0.24 0.16 3.77
1.5 21084 074 13704  0.48 844 027 0.18 5.49

55 05 L59  0.09 103 0.06 066 005  0.03 0.43
0.7 470 016 306 010 118  0.08 005 0.77
1.0 2640 028 1716  0.18 255 013 0.08 1.66

1.1 4607 032 2995 021 324 014 0.09 2.11
1.3 13176 043 8564 028 507 017 011 3.30
1.5 34258 057 22266 037 750 019 012 4.93

65 05 134 007 087 0.04 054 004 002 0.35
0.7 434 012 282 008 095 006  0.04 0.64
1.0 2944 022 1914 014 219 009  0.06 1.42
1.1 5489 026 3568 017 281 010 007 1.83
1.3 17754 035 11540  0.23 450 012 0.08 2.93
1.5 51577 047 33523  0.31 688 014 0.09 4.47




Di-gamma decay widths [['{07" — 4 4)] (in keV) of bb system (1.5 — 35 states) in NRQCD formalism.

With mg

Vil oS
With my

State PI To(0) Tolr.) Torl(0) Togl(r.)  Tol0) Tolre) Tor(0) Toglr.) Others

1S 05 0943 0180 0717 0137 0.757 0161 0122 0575  0.56[133]
0.7 1300 0221 0988 0.168 1039 0196 0149  0.790  0.38440.047[134]
1.0 1.792 0273  1.362  0.208 1430 0.241 0183 1.087 ﬂ.35[132]
1.1 1.941 0280 1476  0.219 1549 0254 0193 1178 0.444]60]
1.3 2217 0316 1686 0240 1769 0278 0211 1345  0.23]67]
1.5 2465 0341 1874  0.259 1967 0.299 0227  1.495

25 05 0368 0042 0280  0.032 0.262 0035 0027 0199 0.269[133|
0.7 0763 0059 0530  0.045 0497 0.049 0037 0378 ﬂ.lgliﬂ.ﬂgﬁ[l.'%ﬂl]
1.0 1.883 0085 1431 0.065 1084 0.060 0052 0824 0.15]132]
1.1 2446 0093  1.850 0.071 1354 0075 0057 1029 0.07[67]
1.3 3927 0110 2985  0.084 2020 0.087  0.066  1.536
1.5 5960 0126 4531  0.096 2864 0.099 0.075 2177

35 05 0225 0018 0171 0.014 0.153 0.015 0011 0.117 ﬂ.Q[}S[ISS]
0.7 0567 0020 0431 0022 0332 0023 0017 0252  0.040[67]
1.0 1.933 0047 1469 0.036 0.805 0.035 0.027 0680 0.1]132]
1.1 2792 0054 2122 0.041 L1198 0.039  0.030  0.910
1.3 5492 0067 4175  0.051 2033 0.048  0.036  1.546
1.5 10.067 0080  7.652 0.061 3.237 0.055 0042 2461




Di-gamma decay widths [['{07" — 7 7)] (in keV) of bb (45 — 63 states) system in NRQCD formalism.

With mq With mg]’

State PI T'4(0) Talr.) Tor(0) Toglre)  To(0) Tylre) Topl(0) Tog(re)
45 05 0162 0.010 0123 0.008 0.108  0.008 0.006  0.082
0.7 0464 0018 0353 0014 0.252 0013 0010  0.191

1.0 1997 0.032 1518  0.024 0.778 0022  0.017  0.591

1.1 3118 0.037 2370 0.028 1088 0.025 0019 0827

1.3 7130 0.048 5420 0.037 2.005 0031 0024 154

1.5 15.042 0.060 11.434 0.046 3.431  0.037  0.028  2.608

55 05 0128 0007 0.007  0.005 0.083 0.005 0.004  0.063
0.7 0400 0012 0304  0.009 0204 0.009 0007  0.155
1.0 2068 0023 1572 0.018 0.606 0015 0012  0.529
11 3438 0028 2614 0021 L1005 0018 0013 0.764
L3 8876 0038 6747 0.029 1965 0022 0017  1.492
15 20973 0048 15943  0.037 5.530 0027  0.020  2.683

65 05 0105 0005 0080  0.004 0.068 0.004 0.003  0.052
0.7 035 0009 0271 0.007 0173 0006 0005  0.131
1.0 2143 0018 1629 0014 0.634 0011 0009 04382
L1 3757 0022 2856 0017 0938 0013 0010  0.713
13 10742 0031 8165 0.023 LO15 0017 0013 1.456
1.5 27931 0040 21.232  0.031 5.575 0021 0016 2716




Di-lepton decay width [['(17~

— (T 7] {in keV) of ez (15 — 3S states) system in NRQCD formalism.

With mg

e eff
With mg

State PI Tyw(0) Tyw(r.) Tywr(0) Tywelre)  Tyw(0) Tywir.) Tywr(0) Tywelr.)  Others
15 0.5 8.38 3.05 3.75 1.36 4.80 1.60 2.19 0.71 5.55£0.14 [7]
0.7 11.50 4.09 h.14 1.83 6.50 1.99 2.91 0.89 5.47[55|

1.0 15.95 571 7.13 2.55 8.71 2.57 3.90 1.15 2.94[129]
1.1 17.34 6.22 7.75 2.78 0.39 2.74 4.20 1.23
1.3 19.96 7.24 8.92 3.24 10.63 .09 4.76 1.38
1.5 22.34 8.16 9.99 3.65 11.76 3.58 5.26 1.51
25 0.5 3.55 0.47 1.59 0.21 1.72 .32 0.77 0.14 2.48+0.06 [7]
0.7 6.94 (.69 3.10 0.31 2.71 0.43 1.21 0.19 2.14]55]
1.0 16.95 1.10 7.58 0.49 4.72 0.57 2.11 0.26 1.22[129]
1.1 22.25 1.26 9.95 0.56 5h.55 .62 2.48 0.28
1.3 36.96 1.65 16.53 0.74 7.45 0.70 3.33 0.31
1.5 58.53 2.12 26.17 0.95 0.69 0.77 4.33 0.35
35 0.5 2.30 0.22 1.03 0.10 1.04 0.14 0.46 0.06 0.8640.07 [7]
0.7 5.42 (.34 2.42 0.15 1.74 (.20 0.78 0.09 0.796[55]
1.0 18.97 (.56 8.48 0.25 .56 0.28 1.50 0.13 0.76[129]
1.1 28.27 (.65 12.64 0.29 4.10 0.31 1.83 0.14
1.3 60.10 (.87 26.88 0.39 5.94 (.36 2.66 0.16
1.5 119.90 1.15 53.62 0.51 8.31 0.40 3.72 (.18




Di-lepton decay width [['(17" — (7 £7}] (in keV) of cc (45 — 65 states) system in NRQCD formalism.

With mg

Vith o2l
With mg

State PL Dyw(0) Tyw(re) Tywgr(0) Tywelre)  Tvw(0) Dyw(rd Tvwr(0) Tyvwalr) Others
45 05 1.73 0.13 0.77 0.06 0.74 .08 0.33 (.03 0.584+0.07 [T]
0.7 4.62 0.21 2.07 0.10 1.29 0.11 0.58 (.05 0.288[55]
1.0 21.22 0.37 0.49 0.17 2.64 0.17 1.18 0.08 0.43[129]
1.1 34.80 0.44 15.56 0.20 3.29 (.19 147 0.08
1.3 88.94 (.59 39.77 0.26 4.99 .22 2.23 (.10
1.5 210.04 0.79 03.92 0.36 7.28 0.25 3.20 0.11
55 05 1.40 0.09 (.62 0.04 0.58 (.05 0.26 (.02
0.7 4.11 0.15 1.84 0.07 1.03 .08 0.46 (.03 U.T[l?g]
1.0 23.56 (.28 10.53 0.12 2.19 0.11 0.98 0.05
1.1 41.73 0.33 18.66 0.15 2.77 0.13 1.24 (.06
1.3 12342 0.45 55.19 0.20 4.31 0.15 1.93 0.07
1.5 332.65 0.61 148.75 0.27 6.47 017 2.80 0.08
6S 05 1.18 0.06 0.53 0.03 (.48 .03 0.21 (.02
0.7 3.76 0.11 1.68 0.05 (.86 0.05 (.35 0.02
1.0 25.04 0.22 11.60 0.10 1.87 .08 0.84 (.04
1.1 49.02 0.27 21.92 0.12 2.39 (.09 1.07 0.04
1.3 163.58 0.37 73.15 0.16 3.80 0.11 1.70 0.05
1.5 49143 (.50 219.75 0.22 5.81 0.12 2.60 (.06
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Di-lepton decay width [[(17~ — £* £7)] (in keV) of bb (15 = 35 states) system in NRQCD formalism.

With mg

e eff
With Mg

=

State. PL Tyw(0) Tyw(re) Tywr(0) Tywgrlr.)  Tyw(0) Tyw(r) Tvwr(0) Tywrlr) Others
15 05 3.50 (.96 2.23 0.59 2.86 0.83 1.78 0.52 1.3440.018 [T]
0.7 4.08 1.18 3.10 0.73 3.93 1.02 244 0.63 1.4[139]
1.0 (.96 1.46 4.33 0.91 5.43 1.26 3.38 0.78 1.320[55]
1.1 7.58 1.54 4.71 0.96 5.90 1.33 3.67 0.82 0.98[129]
1.3 8.74 1.69 543 1.05 6.78 1.45 4.21 0.90
1.5 .80 1.82 6.09 1.13 T.57 1.56 4.70 0.97
25 05 1.37 0.20 (.85 0.12 0.99 0.16 (.61 0.10 0.6124+0.011 [T]
0.7 2.74 (.28 1.70 0.18 1.80 0.23 1.12 0.14 0.6[139]
1.0 6.60 0.42 4.10 0.26 3.79 0.33 2.35 0.20 0.698[55]
1.1 8.55 0.46 5.31 0.29 4.70 0.36 2.92 0.22 0.41[129]
1.3 13.72 0.56 8.52 0.35 6.95 0.42 1.31 (.26
1.5 20.90 (.65 12.98 0.40 0.80 0.48 (.09 0.30
35 05 (.84 0.08 (.52 0.05 (.58 0.07 (.36 0.04 (0.44340.008 [T]
0.7 2.01 0.13 1.25 0.08 1.20 0.10 (.74 0.06 0.963[55]
1.0 6.60 0.23 4.10 0.14 3.07 0.16 1.91 0.10 0.97[199]
1.1 .48 0.26 5.80 0.16 4.07 018 2.53 0.11
1.3 18.62 0.33 11.57 0.20 6.81 0.22 4.23 0.14
1.5 34.30 0.40 21.31 0.25 10.77 0.26 6.69 0.16




Di-lepton decay width [[(17~ — £t £7)] (in keV) of bb (45 — 65 states) system in NRQCD formalism.

With mg

N ef f
With mg

=

State PL Tyw(0) Tyw(r.) Tywr(0) Tywgrlr.)  Tyw(0) Tyw(r) Tvwr(0) Tywrlr) Others
45 05 .61 0.05 (.38 0.03 0.42 0.04 (.26 0.02 0.27240.029 [T]
0.7 1.64 0.08 1.02 0.05 0.91 0.06 (.57 0.04 0.104[55]

1.0 6.72 0.15 4.18 0.09 2.65 0.10 1.64 0.06 0.90[199]
1.1 10.44 0.17 (.49 0.11 3.66 0.11 227 0.07
1.3 23.85 0.23 1481 0.14 6.63 0.14 412 0.09
1.5 50.61 0.29 31.44 0.18 11.27 0.17 7.00 0.11
55 05 (.48 0.03 (.30 0.02 0.32 0.02 (.20 0.01 0.31+0.071 [T]
0.7 1.41 0.06 (.88 0.03 0.74 0.04 (.46 0.02 0.0404[55]
1.0 6.90 0.11 4.29 0.07 2.35 0.07 1.46 0.04 0.16[199]
1.1 11.41 0.13 7.09 0.08 3.35 0.08 2.08 0.05
1.3 20.45 0.18 18.29 0.11 6.45 0.10 4.00 0.06
1.5 70.07 0.23 43.53 0.14 11.50 0.12 7.15 0.08
6S 0.5 (.40 0.02 (.25 0.01 0.27 0.02 0.17 0.01 0.13+0.05 [T]
0.7 1.25 0.04 (.78 0.03 0.63 0.03 (.39 0.02 0.19[199]
1.0 7.11 0.08 442 0.05 2.14 0.05 1.33 0.03
1.1 12.39 0.10 7.70 0.06 3.12 0.06 1.94 0.04
1.3 3h.45 0.15 22.02 0.09 6.26 0.08 3.80 0.05
1.5 02.90 0.19 hT.71 0.12 11.58 0.09 7.20 0.06
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The di-lepton decay widths of bb system with potential index v in NRQCD
formalism. The horizontal lines are the respective experimental values.



Quarkonia decay into Light Hadrons

The annihilation rate of the heavy quarkonium state (7., 1, J/¢ and T) into light hadrons
(G. T. Bodwin et al 1995)

N.Im fi(*Sc 2 N.Im g1(*S; S i
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R 2 N.Im g1 (351)
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The imaginary part of the I'm g;(*S1) vanish at order a,



The quarkonia decay into light hadrons (relative order v*)
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G.T. Bodwin et al PRD, 66 (2002)



The short distance coeflicients

x Cp . 2 199 1372 S  _a
F(lS) = 2114 (™ _ 50 _ C._ % Qs
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Where Ne¢ = 3 is the no. of colour, Cr = 4/3
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n. — Light Hadrons(in MeV)

Ezxpansion up to 12 Ezxpansion up to o
v I'nrocp Ier I'Nrocp Ler L'others
0.5 11.34 5.82 77.01 41.93
0.7 15.61 6.71 99.60 45.65 14.38
0.9 19.91 9.15 120.48 58.20 +
1.0 21.96 9.89 129.78 61.33 1.07
1.1 23.95 10.06 138.94 64.46 +
1.3 27.7¢ 11.91 155.90 69.77 1.43
1.5 31.40 13.09 171.33 74.43 N. Faboano
1.7 34.76 14.07 185.22 78.48 (2002)
1.9 37.97 15.16 198.16 82.09

2.0 3947 15.61 204.31 83.77




m, — Light Hadrons(in MeV)

Expansion up to v’ FExpansion up to v’
v I'nrocp Ier I'Nrocp [ er L'Others
0.5 6.30 4.13 21.57 14.13
0.7 7.72 4.91 26.42 16.79
0.9 3.67 5.62 29.62 19.22
1.0 0.71 5.95 33.16 20.33
1.1 10.34 6.27 35.32 21.42
1.3 11.52 6.73 39.32 22.98
1.5 12.58 7.38 42.90 25.16
1.7 13.57 7.85 46.27 26.77
1.9 12.21 7.18 45.31 26.65
2.0 12.65 7.39 46.86 27.36




J/y — Light Hadrons(in MeV)

Expansion up tov® Expansion up to v’
v I'nrocp Uer I'Nrocp - U'others
0.5 0.61 0.48 21.66 18.70
0.7 0.82 0.54 26.57 20.60
0.9 1.01 0.76 31.32 26.02
1.0 1.11 0.82 33.39 27.52
1.1 1.20 0.88 35.58 29.12
1.3 1.37 0.99 39.63 32.00
1.5 1.54 1.09 43.40 34.64
1.7 1.69 1.18 46.83 37.01
1.9 1.83 1.26 50.50 39.49
2.0 1.90 1.31 52.21 40.65




T — Light Hadrons(in MeV)

Expansion up to v’ Expansion up to v*
v I'nrocp [er I'nrocp I U'others
0.5 0.12 0.12 1.02 0.67
0.7 0.23 0.14 1.25 0.79
0.9 0.27 0.16 1.46 0.91
1.0 0.28 0.17 1.56 0.96
1.1 0.30 0.18 1.66 1.02
1.3 0.34 0.19 1.85 1.09
1.5 0.37 0.22 2.01 1.19
1.7 0.39 0.23 2.16 1.26
1.9 0.42 0.24 2.31 1.33
2.0 0.44 0.25 2.38 1.36




Summary

P We study the heavy flavour hadrons containing one or more heavy flavour quarks with
minimum number of free parameters such as, the potential strength A of the mesonic
system for each choices of v and the quark mass parameters. The masses (15 — 65, low
lying P—waves, D—waves and F—waves of ¢, bb and b systems).

P The relative mean square velocities of bound quarks, the mean square radii of the meson
states and the decay constants fp

» The di-lepton, di-gamma and di-gluon widths of different states and E1 and M1 transi-
tions rates.

p In the heavy-licht flavour sector, the present study consists of the masses of few low-
lying states of () systems (D, D,, B, B,), their relative mean square velocities of the
bound quarks, mean square radii, the decay constants fp/-, the inclusive semi-leptonic
and leptonic branching ratios.

» The neutral flavour oscillations of B? — B® and B? — B mesons.

P We also study in the heavy flavour baryon sector consisting the ground state masses,
mean square radii, hyperfine mass splitting and the magnetic moments of single heavy
favour (Qqq), double heavy flavour (Q)Q)q) and triple heavy flavour (QQQ) systems

based on hypercentral model using the variational approach.
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