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The massive stars (> 8M�) becomes unstable at the end stages; as a
result it collapses and ejects its outer mantle in a shock wave driven
explosion, called supernova (Type-II).

99 percent of the released energy (∼ 1053 erg)is emitted by ν and ν
of all flavors.

Neutrino emission lasts about 10 sec.

Typical problems in supernova neutrino can be divided into three
parts:

Production −→ Inside the SN

Propagation−→ From SN to earth

Detection −→ Inside the earth
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Inside the Earth:

Resonant matter effect (Flavor oscillation)

Between SN and Earth

Mass eigen states travel independently (No flavor conversion)

Inside the SN

Resonant matter effect and Non-linear collective effect (Flavor
conversion)
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Supernova neutrino study involves an interesting non-linear collective
oscillation phenomena.

At small r neutrino and antineutrino densities (nν and nν ,
respectively) are high enough to make the self-interaction effect
important.

Collective effect fully develop before MSW effect.

The average energies of different flavors are as follows:

Eνe = 10− 12 MeV

Eν̄e = 13− 16 MeV

Eνx = 15− 25 MeV (x = µ or τ)

Here the only relevant mixing angle is θ13(= Θ) , governing the
oscillation amplitude in the following channels.

νe → νx and ν̄e → ν̄x (x = µ or τ)
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Collective oscillation

In the density matrix formalism EOM

i∂tρk = [
M2

2k
, ρk]+

√
GF [L, ρk]+

√
GF

∫
d3k′

(2π)3
(1−cos θkk′)[(ρk′− ρ̄k′), ρk]

i∂t ρ̄k = −[
M2

2k
, ρ̄k]+

√
GF [L, ρ̄k]+

√
GF

∫
d3k′

(2π)3
(1−cos θkk′)[(ρk′−ρ̄k′), ρ̄k]

Single angle approximation when 〈1− cos θ〉 ≈ 1

In terms of Stodolsky equation

∂tPω = ω(B× Pω) + λ(z× Pω) + µ(D× Pω)

∂tPω = −ω(B× Pω) + λ(z× Pω) + µ(D× Pω)

where, λ =
√

2GFne µ =
√

2GF (nν + nν) −→ self-interaction energy
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Collective oscillation

Synchronized Oscillation

S.Samuel, Phys. Rev D, 48, 1462 (1993)
S. Pastor, G. G. Raffelt and D. V. Semikoz, Phys. Rev. D 65, 053011
(2002)

Bipolar Oscillation

S. Hannestad, G. G. Raffelt, G. Sigl and Y. Y. Y. Wong, Phys. Rev.
D 74, 105010 (2006)
G. L Fogli, E. Lissi, A. Marrone and A. Mirizzi,JCAP 12, (2007)

Spectral Split
(Will not be discussed here)

G. G. Raffelt and A. Y. Smirnov Phys. Rev. D 74, 105010 (2006)
B. Dasgupta, A. Dighe, G. G. Raffelt and A. Y. Smirnov Phys. Rev.
Lett. 103, 051105 (2009)
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Synchronized Oscillation

Pj −→ Polarization vector of jth mode of neutrino
Pk −→ Polarization vector of kth mode of antineutrino

The corresponding EOMs:

∂tPj = ωj(B× Pj) + µ(D× Pj)

∂tPk = −ωk(B× Pk) + µ(D× Pk)

D = P− P −→ Internal magnetic field P =
∑

Pj , P =
∑

Pk

[**The matter effect is left out by proper choice of corotating frame.]

When, (µD � ωj) All modes are coupled to each other by their strong
‘internal magnetic field’ D and as a result

∂tD = ωsyn(B×D)

ωsyn = 1
D [

∑
ωj(Pj .P̂) +

∑
ωk(Pk .P̂)] −→ synchronized frequency

Synchronized Oscillation
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Bipolar Oscillation

For simplicity consider all the modes of neutrinos-antineutrinos have equal
energies

The EOMs:
∂tP = ω(B× P) + µ(D× P)

∂tP = −ω(B× P) + µ(D× P)

B −→ (sin 2Θ, 0,− cos 2Θ) P(0) = (0, 0, 1) and P(0) = α(0, 0, 1)

α→ Lepton Asymmetry (0 ≤ α ≤ 1)

The EOMs for S and D −→

∂tS = ω(B×D) + µ(D× S)

∂tD = ω(B× S)

where, S = P + P and D = P− P
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Bipolar Oscillation

Let us construct
Q = S− ω

µ
B

Q plays the role of spherical pendulum in flavor space leading to the EOM

q× ∂2
t q

µ
+ σ∂tq = ωQ(B× q)

where, σ = D·Q
Q → lepton asymmetry q = Q

Q

It was shown by Hannestad et al. [Phys Rev. D 74, 105010 (2006)] for a
small mixing angle

In Normal hierarchy: No dip features develop

In Inverted hierarchy (Θ→ Θ̃ = π
2 −Θ)

ω
µ � 1 −→ Complete flavor conversion

Thus for a small mixing angle the suitable mass hierarchy can cause a
complete flavor conversions (Bipolar Oscillation)
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Precession and nutation

Mass direction (B)

QPrecession

Nutation
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Synchronized (µ = 200) and bipolar oscillations (µ = 10)
for neutrinos
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Synchronized (µ = 200) and bipolar oscillations (µ = 10)
for antineutrinos

zP
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Overview

It is important to study extensively the transition between
synchronized and bipolar effect.

How and when the nutation (bipolar effect) starts from a purely
precession (synchronized effect)?

Adiabatic change of µ plays a crucial role.

The form of µ is taken as

µ = µI e
−kt
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Evolution of Pz and P̄z against (µω)
1
2 at θ0 = 10−3
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Evolution of Pz and P̄z against (µω)
1
2 at θ0 = 10−5
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Evolution of Pz and P̄z against (µω)
1
2 at θ0 = 10−7
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Evolution of Pz against (µω)
1
2 at different θ0 = 10−x
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Observations

The evolution of Pz and P̄z are plotted against (µω )
1
2 with three

different vacuum mixing angles.

A sharp deviation of Pz from its initial value denotes the onset.

It is observed that the onset decreases with decreasing the mixing
angle. That indicates the longer time is required to acheive the onset
with smaller mixing angle.

It was also observed that the onset value of (µω )
1
2 would decrease

logarithmically with decreasing small mixing angle. We shall examine
it.
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The onset values of (µω)
1
2 (obtained numerically) are

plotted against − log θ0

 0

 2

 4

 6

 8

 10

 12

 14

 4  6  8  10  12  14  16  18  20

(µ
/ω

)1
/2

-log(θ0)

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 24 / 37



Spinning top
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Spinning top

The Lagrangian of a top is given by

L =
I1
2

(θ̇2 + φ̇2 sin2 θ) +
I3
2

(ψ̇ + φ̇ cos θ)2 −mgl cos θ

θ: Inclination of the axis of the top (axis of spin) to the vertical axis (axis
of precession)

φ: Azimuth of the top about the vertical (precession)

ψ: Rotation angle of the top about its own axis (spin)

Torque (due to gravity) is along the line of nodes (the intersecting line
beween the horizontal plane and the plane perpendicular to the top).

There is no torque either along the spin axis or along the veritical axis as
both of them are perpendicular to the line of nodes.
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Spinning top

pψ =
∂L

∂ψ̇
= I3(ψ̇ + φ̇ cos θ) = constant = I1a

pφ =
∂L

∂ψ̇
= (I1 sin2 θ + I3 cos2 θ)φ̇+ I3ψ̇ cos θ = constant = I1b

Using the above two equations we can get the expression of the energy in

terms of θ as Ec = I1θ̇2

2 + I1
2

(b−a cos θ)2

sin2 θ
+ mgl cos θ

Taking β = 2mgl
I1

it can be shown that the top undergoes

a2

2β ≥ cos θ0 (precession)

a2

2β < cos θ0 (precession and nutation)

θ0 is the initial inclination during pure precession mode

It starts to wobble at a2

2β = cos θ0 ≈ 1 (onset of nutation)
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Comparison: Spinning top and Collective Oscillation

B = (sin θ0, 0, cos θ0) −→ inverted hierarchy (2Θ→ θ0)

Collective Oscillation

L =
q̇2

2µ
+
µσ2

2
− ωQ cos θ

Spinning top

L =
I1
2

(θ̇2 + φ̇2 sin2 θ) +
I3
2

(ψ̇ + φ̇ cos θ)2 −mgl cos θ

Let us now compare the various terms

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 28 / 37



Comparison: Spinning top and Collective Oscillation

B = (sin θ0, 0, cos θ0) −→ inverted hierarchy (2Θ→ θ0)

Collective Oscillation

L =
q̇2

2µ
+
µσ2

2
− ωQ cos θ

Spinning top

L =
I1
2

(θ̇2 + φ̇2 sin2 θ) +
I3
2

(ψ̇ + φ̇ cos θ)2 −mgl cos θ

Let us now compare the various terms

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 28 / 37



Comparison: Spinning top and Collective Oscillation

B = (sin θ0, 0, cos θ0) −→ inverted hierarchy (2Θ→ θ0)

Collective Oscillation

L =
q̇2

2µ
+
µσ2

2
− ωQ cos θ

Spinning top

L =
I1
2

(θ̇2 + φ̇2 sin2 θ) +
I3
2

(ψ̇ + φ̇ cos θ)2 −mgl cos θ

Let us now compare the various terms

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 28 / 37



Comparison: Spinning top and Collective Oscillation

B = (sin θ0, 0, cos θ0) −→ inverted hierarchy (2Θ→ θ0)

Collective Oscillation

L =
q̇2

2µ
+
µσ2

2
− ωQ cos θ

Spinning top

L =
I1
2

(θ̇2 + φ̇2 sin2 θ) +
I3
2

(ψ̇ + φ̇ cos θ)2 −mgl cos θ

Let us now compare the various terms

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 28 / 37



Comparison: Spinning top and Collective Oscilation

D = 1
µ(q× q̇) + σq→ angular momentum

q = l = 1; ml2 = I1 = I3 = µ−1

B→ positive vertical axis; q→ positive spin axis

mgl = ωQ → gravitational energy

a = µσ = ψ̇ + φ̇ cos θ β = 2ωQµ

Thus the onset condition becomes

µ

ω
≈ 4

Q

σ2

for the small θ0.

The same onset condition was observed analytically by Hannested et al.
[Phys. Rev. D 74, 105010 (2006)]
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Variation of onset with θ0

According to the numerical results there exists a relation between the
onset value of µ (with fixed ω) and the vacuum mixing angle. We still
to fix such relation analytically.

Our numerical study shows that the onset value of µ is sensitive to
the adiabatic parameter, but analytical treatment results a fixed onset
point.

What to be fixed then?

Let us consider the situation just after the onset, where

µ = µ0e
−kt ≈ µ0(1− kt)

µ0 ≈ 4ω
Q

σ2

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 30 / 37



Variation of onset with θ0

According to the numerical results there exists a relation between the
onset value of µ (with fixed ω) and the vacuum mixing angle. We still
to fix such relation analytically.

Our numerical study shows that the onset value of µ is sensitive to
the adiabatic parameter, but analytical treatment results a fixed onset
point.

What to be fixed then?

Let us consider the situation just after the onset, where

µ = µ0e
−kt ≈ µ0(1− kt)

µ0 ≈ 4ω
Q

σ2

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 30 / 37



Variation of onset with θ0

According to the numerical results there exists a relation between the
onset value of µ (with fixed ω) and the vacuum mixing angle. We still
to fix such relation analytically.

Our numerical study shows that the onset value of µ is sensitive to
the adiabatic parameter, but analytical treatment results a fixed onset
point.

What to be fixed then?

Let us consider the situation just after the onset, where

µ = µ0e
−kt ≈ µ0(1− kt)

µ0 ≈ 4ω
Q

σ2

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 30 / 37



Variation of onset with θ0

According to the numerical results there exists a relation between the
onset value of µ (with fixed ω) and the vacuum mixing angle. We still
to fix such relation analytically.

Our numerical study shows that the onset value of µ is sensitive to
the adiabatic parameter, but analytical treatment results a fixed onset
point.

What to be fixed then?

Let us consider the situation just after the onset, where

µ = µ0e
−kt ≈ µ0(1− kt)

µ0 ≈ 4ω
Q

σ2

IB (GCECT) The onset of the bipolar flavor conversion of supernova neutrinosDecember 2010 30 / 37



Variation of onset with θ0

L =
1

2µ
(θ̇2 + φ̇2θ2) +

1

2µ
(ψ̇ + φ̇)2 − ωQµ

It can be proved for small variation of θ the term φ̇ ≈ µ0σ
2 .

The EOM:

θ̈ =
µ2

0σ
2

4
θ

Solving it with the initial conditions θ(0) = θ0 and θ̇(0) = 0 one can obtain

θ = θ0 cosh(
µ0σt

2
)

From which we get

x = [x0 −
2k

ωσ
cosh−1(

θ

θ0
)]

1
2

where, x = (µω )
1
2
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The change of θ with time at θ0=10−3 (red), 10−4 (green),
10−4 (blue), 10−5 (pink), 10−6 (light blue) and 10−7

(yellow).
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The change of (µω)1/2 with θ0 at θ = 0.01 (red) and 0.08
(green). Here blue line indicates µ

ω = 180, true onset value.
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Similar to the previous figure; here the theoretical result at
θ = 0.01 (red) is compared to the numerically obtained
value (green). Scale is different
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Conclusions

If we watch an exponential curve in a large scale we find that at the
beginning the curve seems to be a constant. But if the curve is
observed in a small scale it can be clearly verified that the initial
portion, which have been observed as constant in the larger scale,
would actually have the exponential nature.

In the numerical calculations what (µω )
1
2 is considered as the onset

value, is not evaluated at the true onset. This is due to neglecting
small variation of θ.

The true onset is always at µ0 ≈ 4ω Q
σ2 .

The onset depending on θ0 is nothing but the pseudo onset.

Any fixed point (in terms of θ) nearer to the true onset exhibits same
kind of logarithmic dependence. Therefore, pseudo onset may not be
a fixed point.
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Thank you.
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